Let G be an inductive limit of finite cyclic groups and let A be a unital simple projectionless C * -algebra with K1(A) ∼ = G and with a unique tracial state, as constructed based on dimension drop algebras by Jiang and Su. First, we show that any two aperiodic elements in Aut(A)/ WInn(A) are conjugate, where WInn(A) means the subgroup of Aut(A) consisting of automorphisms which are inner in the tracial representation.
Introduction
The classification theory of automorphisms of von Neumann algebras was studied by Connes [2] using the Rohlin property for automorphisms of von Neumann algebras. To be specific, he classified automorphisms of the injective type II 1 -factor up to outer conjugacy. In a case of finite C * -algebras, Kishimoto showed some results (for example, [9] , [10] , [11] , [12] ) for classification of automorphisms with the Rohlin property adapted to C * -algebras, and in a case of infinite C * -algebras, Nakamura [15] classified aperiodic automorphisms of nuclear purely infinite simple C * -algebras by KK-class proving the Rohlin property for such automorphisms. In order to define the Rohlin properties, these previous works considered only C * -algebras of real rank zero. In this paper, we study aperiodic automorphisms of certain unital simple projectionless C * -algebras with a unique tracial state, which were constructed by Jiang and Su [8] . Instead of the Rohlin property we require the automorphisms to satisfy that any non-zero power is not weakly inner in the unique tracial representation. Our first main result Theorem 2.6 says that: if two automorphisms of such a unital simple projectionless C * -algebra A satisfy the above property, they are conjugate in the quotient group Aut(A)/ WInn(A), where WInn(A) = {α ∈ Aut(A) :
Here τ is the unique tracial state of A and π τ is the GNS representation associated with τ . Note that we do not require the two automorphisms to have the same KK-class and that an automorphism which is weakly inner in the tracial representation need not have the same KK-class as the identity automorphism.
In the second half, we consider an existence problem of automorphisms with the Rohlin property for unital simple TAF-algebras, where the class of TAFalgebras is introduced by H.Lin [13] and is shown to include the simple unital AH-algebras of real rank zero with slow dimension growth (Elliott and Gong [4] ). We introduce a technical property called (SI) (where SI stands for small isometry for a C * -algebra) which roughly says that if two central sequences of projections are given such that one of them is infinitesimally small compared to the other in the sequence algebra, then in fact so in the central sequence algebra, and we mainly consider a class of unital simple TAF-algebras with the property (SI) and with a unique tracial state. The property (SI) is devised to satisfy that the class of unital simple C * -algebras with (SI) includes the unital simple AT-algebras of real rank zero with a unique tracial state and is closed under taking crossed products by automorphisms with the Rohlin property and taking inductive limits. Our second result Theorem 4.5 says that if a unital TAF-algebra A absorbs the Jiang-Su algebra, and has the property (SI), then any automorphism of A is asymptotically unitarily equivalent to a Rohlin automorphism.
The contents of this paper are as follows. In Section 2, we reconstruct a certain projectionless C * -algebras in Lemma 2.1 by an adaptation of the construction of the Jiang-Su algebra, and we prove the first main result Theorem 2.6 by using this construction and an intertwining argument. In Section 3, we introduce the definition of the property (SI), and we show in Proposition 3.6 that any unital simple AT-algebra of real rank zero satisfies the property (SI). We also show the permanence properties of the class Proposition 3.7 and Proposition 3.9. In Section 4, we show the second main results Theorem 4.5.
Concluding this section, we prepare some notations. When A is a C * -algebra, we denote by P (A) the set of projections in A, U (A) the unitary group of A, A + the set of positive elements in A, A 1 the set {a ∈ A : a ≤ 1}, T (A) the tracial state space of A, Aut(A) the automorphism group of A, A ∞ the quotient ℓ ∞ (N, A)/c 0 (A), and A ∞ the relative commutant A ∞ ∩ A ′ . We define an inner automorphism of A by Ad u(a) = uau * for u ∈ U (A) and a ∈ A. We use M n to denote the C * -algebra of n × n matrices with complex entries. A dimension drop algebra means a C i,j } is a system of matrix units of B.
2 The weakly aperiodic automorphism of projectionless C * -algebras
In this section, first we reconstruct a unital simple projectionless C * -algebra A such that A has a unique tracial state τ and K 1 (A) = G, where G is any abelian group obtained as the inductive limit of a sequence of finite cyclic groups. We employ a different method from the one used by Jiang and Su in the proof of Theorem 4.5 [8] so that we obtain a UHF algebra B such that π τ (A) ⊂ B ⊂ π τ (A)
′′ . Note that, by the uniqueness result in [8] , the new A is isomorphic to the original one in [8] . Using this B with some additional properties we then obtain the weakly outer conjugacy result in Theorem 2.6.
For m, n, r 0 , r 1 ∈ N with m > r 0 + r 1 and s ∈ [0, 1], we define continuous paths ξ j,s in [0, 1] (see [8] ) by
with t ∈ [0, 1]. And we define an injective * -homomorphism ξ n,m,r0,r1,s :
The proof of the following lemma is an adaptation of the proof of Proposition 2.5 [8] .
Lemma 2.1. Let G n be a finite cyclic group Z gn for each n ∈ N and let γ n be an injective homomorphism from G n into G n+1 such that γ n (1 n ) = c n+1 1 n+1 , where 1 n = [1] ∈ Z gn and g n , g n+1 , and c n+1 are natural numbers such that c n+1 g n = g n+1 . For any natural numbers p n , q n , k such that p n and q n are relatively prime and k > g n (p n + q n ), there exist natural numbers p n+1 , q n+1 , a
where d n = p n g n q n , m n = p n+1 q n+1 /(p n q n ), r n,0 and r n,1 are some natural numbers, and (ϕ n ) * is the induced map on K 1 -group.
Proof. We obtain a natural number k 0 such that (k 0 , q n ) = 1, k 0 ≡ 1 (mod g n ), and k 0 > k (e.g., k 0 = ag n q n + 1, a ∈ N), and we define p n+1 as p n k 0 . Similarly we obtain a natural number k 1 such that (k 1 , p n+1 ) = 1, k 1 ≡ 1 (mod g n ), and k 1 > k 0 and we define q n+1 as q n k 1 . Let r n,0 , r n,1 be natural numbers such that
where a, b ∈ N, 0 < r n,0 ≤ g n q n+1 , and 0 < r n,1 ≤ g n p n+1 . Remark that r n,0 ≡ r n,1 ≡ 1 (mod g n ) and (p n+1 , q n+1 ) = 1. Put
We denote ξ dn,mn,rn,0,rn,1,s by ξ s . Since
and f (0) ∈ M pn ⊗ 1 gnqn for any f ∈ I[p n , d n , q n ], g n q n+1 |g n q n r n,0 , and g n q n+1 | m n − r n,0 , we obtain u 0 ∈ U (M mndn ) independent of s such that
and f (1) ∈ 1 gnpn ⊗ M qn for any f ∈ I[p n , d n , q n ], g n p n+1 |g n p n r n,1 , and g n p n+1 | m n − r n,1 , we obtain u 1 ∈ U (M mndn ) independent of s such that
We define an injective unital * -homomorphism ϕ
where e n is a minimal projection of M dn . We identify [
as a generator 1 n ∈ Z gn . Since u is independent of s, it follows that ϕ
We define a unitary u n in C([0, 1])⊗M dn+1 as u⊗1 cn+1 and define an injective unital * -homomorphism ϕ n :
This ϕ n satisfies the required conditions
Lemma 2.2. Let G be an abelian group which is the inductive limit of a sequence of finite cyclic groups. Then there exists a sequence of dimension drop algebras
with (p n , q n ) = 1 and injective * -homomorphisms ϕ n : A n → A n+1 satisfying the following conditions: the inductive limit C * -algebra A = lim −→ (A n , ϕ n ) is a unital simple projectionless C * -algebra with a unique tracial state τ such that K 1 (A) = G and the probability measure on [0, 1] determined by τ | An is faithful and has support in (0, 1) for any n ∈ N, where A n is canonically regarded as a subalgebra of A.
Proof. Let G n be the finite cyclic group Z gn of order g n and let γ n : G n → G n+1 be a connecting morphism such that G = lim −→ (G n , γ n ). We may assume that γ n is an injective map. For γ n there exists a natural number x such that γ n (1 n ) = xc n+1 1 n+1 , where g n+1 = c n+1 g n and 1 n = [1] ∈ G n . Since γ n being injective implies that (x, g n ) = 1, we obtain that
′ n ) and thus we may assume that γ n (1 n ) = c n+1 1 n+1 . By the above Lemma 2.1 we can inductively obtain dimension drop algebras A n and * -homomorphisms ϕ n :
By the construction of ϕ n and Lemma 2.7 of [8] , A is a simple C * -algebra. By the proof of the Proposition 2.8 of [8] , A has a unique tracial state τ .
Define a probability measure µ n on [0, 1] by
for f ∈ A n , where ϕ n is the canonical embedding of A n into A. We have to show that µ n ({0}) = 0 and µ n ({1}) = 0. Assume that µ n ({0}) > 0. Since
where ξ (n) = ξ 1/2 ⊗ 1 cn+1 in the proof of Lemma 2.1, and since f n (0) appears in ξ (n) (f )(t) only at t = 0 as c n+1 r n,0 copies among the c n+1 m n direct summands, it follows that µ n+1 ({0}) r n,0 m n = µ n ({0}).
Since rn,0 mn ≤ 1 2 , this would lead to µ n+m ({0}) > 1 for some m, a contradiction. Hence it follows that µ n ({0}) = 0, and similarly, that µ n ({1}) = 0.
The next proposition is based on the Thomsen's theorem [20] . 
, and
Proof. Let A n and ϕ n = Ad u n • ξ (n) : A n → A n+1 be as in the proof of Lemma 2.2 (i.e., ξ (n) = ξ dn,mn,rn,0,rn,1,1/2 ⊗ 1 cn+1 ), ϕ n the canonical map from A n into A, and C n = C([0, 1])⊗M dn . Remark that ϕ n was defined as a * -homomorphism C n → C n+1 in the proof of Lemma 2.1. Let (f k ) be a sequence of continuous functions in 1) ), where χ((0, 1)) means the characteristic function on (0, 1). We define a map ψ n :
where the limit is taken in the strong operator topology. It follows that ψ n is independent of the choice of f k and is an injective * -homomorphism, as follows.
) is a bounded increasing sequence of π τ (A), the convergence follows for g ∈ C n+ and then for any g ∈ C n . For
. Thus ψ n is independent of f k . It is trivial that ψ n is a linear map preserving * . For f , g ∈ C n , we have that
Thus ψ n is a unital *-homomorphism. Because of the fact that the probability measure on [0, 1] obtained by τ • ϕ n is supported in (0, 1), we have that
for g ∈ C n , where µ is the probability measure on [0, 1] obtained for τ | An , it follows that ψ n (g) = 0 if and only if g = 0 as µ is faithful, i.e., ψ n is injective. We assert that ψ n = ψ n+1 • ϕ n on C n . If a bounded sequence g k in C n converges to g ∈ C n pointwise on (0, 1), i.e., in the sense that g k (t) → g(t) for t ∈ (0, 1), then it follows that ψ n (g k ) converges to ψ n (g) in the strong operator topology as
where µ is the probability measure as above. Since ψ n = ψ n+1 • ϕ n on A n , it suffices to show that A n is dense in C n and ϕ n : C n → C n+1 is continuous in the pointwise topology on (0, 1). This follows easily. Thus we have that ψ n = ψ n+1 • ϕ n and then we conclude that { ψ n (C n )} is an increasing sequence of C * -algebras satisfying
We define B as ( ψ n (C n )) · and define a sequence of finite dimensional C * -subalgebras B n of B by
where
we have that B n ⊂ B n+1 and 1 Bn = 1 Bn+1 . By the definition of ξ (n) , for f ∈ C n there exists a large natural number m such that
We now ensure the last condition (
The following stability lemma was proved by Connes in [2] . 
if F is empty then it may be assumed that G is empty.
In the proof of the main theorem, we need the following fundamental lemma for the hyperfinite type II 1 -factor. 
Proof. Let F be a finite subset of M and ε > 0. There exists a finite dimensional C * -subalgebra B of M such that B is isomorphic to a full matrix algebra and for any f ∈ F there exists g f ∈ B such that f −g f 2 < 2 −1 ε. Let {e i,j } be a system of matrix units of B.
Thus we have
The proof of the following main theorem is based on the intertwining argument for automorphisms of AF-algebras which is introduced by Evans and Kishimoto ( [5] ). We recall that WInn(A) denotes the normal subgroup of Aut(A) consisting of α ∈ Aut(A) with 
Proof. By Proposition 2.3 there exists a UHF C * -subalgebra B of π τ (A) ′′ and an increasing sequence of matrix algebras
i,j } i,j be a system of matrix units of B n and ε > 0, and set B 0 = C1.
In the following we will identify π τ (A) with A. Hence if γ ∈ Aut(A), γ denotes the weak extension of γ to an automorphism of A ′′ (= π τ (A) ′′ ). We denote by x ∈ δ B k the condition that there is y ∈ B k with x − y < δ.
We shall construct, inductively, finite subsets
the conditions are given by
The conditions (1)∼(4)' are trivially satisfied for l = 0 and (5) and (5)' follows from Lemma 2.4 since α, β are aperiodic automorphisms of A ′′ . Assuming that we have constructed
for l ≤ n − 1 which satisfy (1) n leaves B invariant and w ′ 2n ∈ B, we can find a k 2n+1 satisfying (4) for l = n, i.e., k 2n+1 ≥ 2k 2n and for any m ≤ k 2n ,
Since β 2n is an aperiodic automorphism of A ′′ , there exists a finite subset F 2n+1 of A ′′ and δ 2n+1 > 0 which satisfy the conditions (1), (5) for l = n, by Lemma 2.4. Since A ′′ is the hyperfinite type II 1 -factor, by Lemma 2.5 there is a unitary u
Then there exists a unitary u 2n+1 ∈ A satisfying (2) for l = n by the Kaplansky's density theorem. By the assumption (2)' for l = n − 1 and (1), (2) for l = n, u 2n+1 satisfies that for any
be the conditional expectation. Since v ′ almost commutes with {e
we have that
By the polar decomposition of
Then we have that
which is the condition (3) for l = n. We have now constructed F m , u m , v m , k m , and δ m for m = 2n + 1 satisfying the conditions with no primes for l = n and will construct G m , u m , v m , k m , and δ m for m = 2n + 2 satisfying the conditions (1)' ∼ (5)' for l = n in a similar way. Since σ
n leaves B invariant and w ′ 2n+1 ∈ B, we can find a large natural number k 2n+2 ≥ 2k 2n+1 such that for any m ≤ k 2n+1 ,
By Lemma 2.4 there are a finite subset G 2n+2 of A ′′ and δ 2n+2 > 0 which satisfy (1)', (5)' for l = n. By the same reasoning as above there exists a unitary u 2n+2 ∈ A satisfying (2)' for l = n. By the condition (2) for l = n and (1)', (2)' for l = n, it follows that
By (5) for l = n and by
) with the condition of (3)' for l = n. This completes the induction.
We note that the linear span of the set n F 2n+1 is strongly dense in A ′′ . By the conditions (4), (4)' for l = n, we have that for i = 0, 1, m ≤ 2n + i, and
By (3), (3)', we have that
Thus
It follows that σ i (A) ⊂ A, i = 0, 1, since v n ∈ A. By (3), (3)', we can also define endomorphisms σ
We can easily prove that σ i • σ
• σ i and thus σ
is indeed the inverse of σ i . Since we also have that σ −1 i (A) ⊂ A, we conclude that σ i is an automorphism of B and restricts to an automorphism of A.
By (3), (3)', we have that w 2n+1+i − 1 2 < 2 −(n+2+i) ε for i = 0, 1 and by (4)' for l = n − 1 and by (4) for l = n, there exists w
We have that for n ∈ N and i = 0, 1,
Thus we obtain unitaries w i ∈ U (A ′′ ) for i = 0, 1 by
(strongly), which satisfies
By the definition of w ′ 2n+1+i , we have that
and by (2), (2)', we have that for any n ∈ N and x ∈ F 2n+1 , Ad w
The Rohlin property and a certain class of TAF-algebras
First, we recall the definition of the Rohlin property.
Definition 3.1. Let A be a unital C * -algebra and α be an automorphism of A. We say that α has the Rohlin property if there exists k ∈ N which satisfies the following condition: For any finite subset F of A and any ε > 0 there exists projections {e where s p is the shift operator in M p . Then it follows that α has the Rohlin property. But this example does not satisfy a version of Rohlin property defined through one tower. More information about the Rohlin property appears in [7] .
In order to prove the main result in the next section, we need the following property (SI), where SI means small isometry. For unital simple AT-algebras of real rank zero with a unique tracial state, we can see a similar property in Lemma 4.6 [12] . Definition 3.3. Let A be a separable unital C * -algebra. We say that the order on projections over A is determined by traces if p, q ∈ P (M ∞ (A)) with τ (p) < τ (q) for any τ ∈ T (A) satisfy p q (i.e., there exists w ∈ A such that w * w = p and ww * ≤ q), see [1] and [16] . We say that A has the property (SI), if A satisfies that: if a unital C * -algebra B of real rank zero is given such that there exists a unital embedding from A into B and the order on projections over B is determined by traces, and any sequences (e n ) n , (f n ) n ∈ P (B ∞ ∩ A ′ ) with e n , f n ∈ B sa satisfy the following conditions:
(1) there exists c > 0 satisfying that: for any p ∈ P (A) and ε > 0 there exists N p ∈ N such that cτ (p) − ε ≤ τ (pf n p) for any n ≥ N p and τ ∈ T (B),
Remark 3.4. The above definition is equivalent to the following seemingly weaker condition: For any unital C * -algebra B of real rank zero and any (e n ), (f n ) ∈ P (B ∞ ∩ A ′ ) with the same conditions in the above definition, there exist a sequence (m n ) in N and (
This equivalence follows from the following reason. Assume that A does not have the property (SI). Then there exists a unital C * -algebra B of real rank zero, (e n ), (f n ) ∈ P (B ∞ ∩ A ′ ) with the above conditions, finite subset F ⊂ A 1 , and ε 0 > 0 satisfying that: for any n ∈ N there exists N ≥ n such that any w ∈ B satisfies w * w − e N > ε 0 , ww * − ww * f N > ε 0 , w 2 > ε 0 , or [w, a] > ε 0 , for some a ∈ F . Thus there exists a sequence (l n ) n in N satisfying that: any subsequence (m ′ n ) of (l n ) and any (
But (e ln ) n and (f ln ) n also satisfy the conditions (1) and (2) . Hence A does not satisfy the latter condition.
The basic idea for the proof of the following lemma appears in the proof of Lemma 2.8 in [17] or the proof of Theorem 4.5 in [10] .
Lemma 3.5. Let A be a unital C * -algebra of real rank zero. Suppose that the order on projections over A is determined by traces. If non-zero projections e, f in A satisfy 2τ (e) < τ (f ) for any τ ∈ T (A), then for any ε > 0 there exists a partial isometry w ∈ A such that w * w = e, ww * ≤ f, w 2 < ε.
Proof. Let e and f be projections in A as in the statement. We set ε ′ = 18 −1 ε 2 and define continuous functions g, h ∈ C([0, 1])
Because h(f ef )Ah(f ef ) is a C * -algebra of real rank zero, there exists q ∈ P (h(f ef )Ah(f ef )) such that qh(f ef ) − h(f ef ) < ε/3.
we have that pe = f e − qf e ≤ qf e − qh(f ef )f e + qh(f ef )f e − h(f ef )f e + h(f ef )f e − f e < ε.
Since the order on projections over A is determined by traces and
there exists w ∈ A such that w * w = e and ww * ≤ p. This w satisfies that w 2 ≤ ep < ε.
Proposition 3.6. Any unital simple AT-algebra of real rank zero satisfies the property (SI).
Proof. Let A be a unital simple infinite-dimensional AT-algebra of real rank zero and B a unital C * -algebra of real rank zero such that the order on projections over B is determined by traces and A ⊂ unital B. Let (e n ) n , (f n ) n ∈ P (B ∞ ∩A ′ ), and c > 0 satisfying the following conditions: for any p ∈ P (A) and any ε > 0 there exists a large natural number N p such that cτ (p) − ε ≤ τ (pf n p) for any n ≥ N p and any τ ∈ T (B), and τ (e n ) → 0 for any τ ∈ T (B), where we have assumed that e n , f n are all projections. Let F be a finite subset of A 1 and ε > 0. By Remark 3.4 it suffices to show that, for any n ∈ N, there exist w ∈ B and m ≥ n satisfying the following conditions: [w, x] < ε for any x ∈ F ,
Indeed, for an increasing sequence of finite subsets (F n ) n∈N of A 1 such that F n is a dense subset of A 1 and for a decreasing sequence (ε n ) n∈N such that ε n > 0 and ε n → 0, we can inductively obtain w n ∈ B, and m n ∈ N such that m n > m n−1 , w n * w n − e mn < ε n , w n w n * − w n w n * f mn < ε n , w 2 n < ε n , and [w n , f ] < ε n for any f ∈ F n . Thus we have that (w n ) n ∈ B ∞ ∩ A ′ , (w n ) * (w n ) = (e mn ), (w n )(w n ) * ≤ (f mn ), and (w n ) 2 = 0, which is equivalent to (SI) by Remark 3.4.
Since A is a unital simple infinite-dimensional AT-algebra of real rank zero, there is an increasing sequence (A n ) n of C * -subalgebras A n ∼ = B n ⊗ C(T) with finite-dimensional C * -algebra B n and the norm closure of n A n is isomorphic to A. Furthermore we may assume, by modifying injections A n ⊂ A n+1 , that for any natural number k and N there exists a non-zero projection q ∈ A ∩ B ′ k such that (Ad u k ) j (q), j = 0, 1, ..., N − 1 are mutually orthogonal projections, where u k is the canonical unitary of 1 B k ⊗ C(T) ⊂ A k (see [12] ).
For the finite subset F ⊂ A 1 , we obtain k, M ∈ N and a finite subset G of (B k ) 1 such that
where A ⊂ ε B means that for any a ∈ A there exists b ∈ B such that a − b < ε. Let δ = (2M (M + 1)) −1 ε and N ∈ N be such that 2N −1/2 < δ. Then, assumed as above, there exists a non-zero projection q ∈ A ∩ B 
and b n ≤ 1, then it follows that
k,q , we may assume that e n , f n ∈ P (B ∩ B ′ k,q ) for any n ∈ N . Since A is a simple C * -algebra, τ ∈ T (A) is faithful as a state. We denote by {e
1,1 ); τ ∈ T (A)} is a compact subset of (0, 1] , we set c 0 = min{τ (qe
By the assumption for (e n ) and (f n ), there exists a large natural number n 0 satisfying the following conditions: [e n0 , x] < ε 1 , [f n0 , x] < ε 1 for any x ∈ {e
1,1 ) for any τ ∈ T (B) and any l = 1, 2, ..., L, and τ (e n0 ) < 4 −1 cc 0 for any τ ∈ T (B). Then we have that for any τ ∈ T (B) and l = 1, 2, ..., L, τ (f n0 qe
Since B is of real rank zero and the order on projections over B is determined by traces, by Lemma 3.5 there exists w
We define w ′ ∈ B by
1,i .
and [e
We define w ∈ B by
Then we have that w ∈ B ∩ B ′ k and
Since (Ad u k ) j (q) are mutually orthogonal and [e n0 , u i k ] < ε 1 , we have that
we have that ww
Since [e n0 , u i k ] < ε 1 and w ′2 < ε 1 , we have that Proof. Let B be a unital C * -algebra of real rank zero such that the order on projections over B is determined by traces and
and c > 0 be as in the definition of (SI), i.e., they satisfy the following conditions: for any p ∈ P (A × α Z) and any ε > 0 there exists
, and τ (e n ) → 0 for any τ ∈ T (B).
Let F be a finite subset of (A × α Z) 1 and ε > 0. We obtain a finite subset F 0 of A 1 and M ∈ N such that
where u α is the canonical unitary of A × α Z implementing α. Set δ = (2(M 2 + 3M + 1)) −1 ε. It suffices to show that for any n ∈ N there exist w ∈ B and m ≥ n satisfying the following conditions: [w, x] < δ for any x ∈ F 0 ∪ {u α }, w * w − e m < ε, ww * − ww * f m < ε, and w 2 < ε. Indeed, then for any
x n u n α < 4 −1 ε, and we have
We let N ∈ N be such that N > 4δ −2 , τ 0 be the unique tracial state of A,
. Since α has the Rohlin property we can obtain a central sequence of projections (p n ) n in A such that (α j (p n )) n are mutually orthogonal in P (A ∞ ) for j = 0, 1, ..., N − 1 and τ 0 (p n ) → 1/N . Hence for any q ∈ P (A) and ε ′ > 0 there exists n 0 ∈ N such that for any n ≥ n 0 and any τ ∈ T (B)
Thus we have that for any q ∈ P (A) and ε ′ > 0 there exists a large natural number n q such that for any n ≥ n q and any τ ∈ T (B),
By the condition (1) for f n and the fact (
and [p n , f ln ] < n −1 . We define a projection f n from p n f ln p n by continuous function calculus such that f n ≤ p n and f n − p n f ln p n → 0 and set e n = e ln . Note that ( f n ) ∈ P (B ∞ ∩ A ′ ). Since A has a unique tracial state, we have that for any q ∈ P (A) and τ ∈ T (B),
which implies that for any q ∈ P (A) and τ ∈ T (B),
Thus for any q ∈ A and any ε ′ > 0 there exists N q ∈ N such that for n ≥ N q and τ ∈ T (B),
Then we can apply the property (SI) of A to ( e n ), ( f n ) ∈ P (B ∞ ∩ A ′ ), and for
Moreover, by (e n ), (f n ) ∈ B ∞ ∩ (A × α Z) ′ , by the property on (p n ), and by [p n , f ln ] < n −1 , we may assume that for any j = 1, 2, ..., N ,
By replacing w ′ with f m w ′ e m we may further assume that
We define w as N
and for any f ∈ F 0 ,
Since f m − p m f lm < ε 1 , we have that
and since [f lm , u
Since [ e m , u j α ] < ε 1 , (w ′ ) * w ′ − e m < ε 1 and w ′2 < ε 1 , we have that
On the assumption for the crossed product in the above proposition, Osaka and Phillips showed in [16] that: if A is an infinite dimensional stably finite simple unital C * -algebra of real rank zero, the order on projections over A is determined by traces, and α ∈ Aut(A) has the tracial Rohlin property, then the order on projections over A × α Z is determined by traces.
In [17] , Osaka and Phillips proved that the crossed product of a unital simple TAF-algebra with a unique tracial state by an automorphism of A with the tracial Rohlin property also has a unique tracial state. In [14] , H.Lin proved that the crossed product of a unital simple TAF-algebra with a unique tracial state by an automorphism of A with the cyclic Rohlin property is also a TAFalgebra. If A is a TAF-algebra, it follows from [13] that the order on projections over A is determined by traces. Using these results, we can see the following corollary. Before closing this section, we show that the class of TAF-algebras with a unique tracial state having the property (SI) is closed under inductive limits.
Proposition 3.9. Let (A n , ϕ n ) be an inductive sequence of separable unital simple C * -algebras, where ϕ n is a unital * -homomorphism from A n into A n+1 . If for any n ∈ N, the order on projections over A n is determined by traces and A n has the property (SI), then the inductive limit C * -algebra lim
has the property (SI).
Proof. Let A be the inductive limit C * -algebra of the system (A n , ϕ n ), and ϕ n the canonical map from A n into A. Assume that A n has the property (SI) for any n ∈ N and assume that a C * -algebra B, (e n ) n , and (f n ) n ∈ B ∞ ∩ A ′ satisfy the assumptions of the property (SI). Let F n , n ∈ N be a finite subsets of A 1 such that F n ⊂ ϕ n (A n ) 1 and F n is a dense subset of A 1 . By the property (SI) of A n , we inductively obtain w n ∈ B, and m n ∈ N such that w n * w n − e mn < n −1 , w n w * n − w n w * n f mn < n −1 , w n 2 < n 1 , [w n , a] < n −1 for any a ∈ F n , and m n > m n−1 . Then we have that (
* ≤ f mn , and (w n ) 2 = 0.
The inductive limit C * -algebra of a sequence of unital simple TAF-algebras with a unique tracial state is also unital simple TAF-algebra with a unique tracial state. Thus we obtain the following corollary.
Corollary 3.10. Let (A n , ϕ n ) be an inductive sequence of unital C * -algebras with unital homomorphisms ϕ n and let A be the inductive limit C * -algebras of (A n , ϕ n ). If A n is a unital simple TAF algebra with a unique tracial state and has the property (SI) for any n ∈ N, then so is A.
Realizing automorphisms with the Rohlin property
In this section, using a certain automorphism of the Jiang-Su algebra which is aperiodic in Aut(Z)/{Ad W ∈ Aut(Z) : W ∈ U (π τ (Z) ′′ )} and using the property (SI), we shall obtain automorphisms of certain C * -algebras with the Rohlin property.
Let Z be the Jiang-Su algebra defined in [8] . We first remark that Z is isomorphic to n∈N n i=1 Z ( [8] ) and we define an automorphism σ n of
We then define an automorphism σ of Z = n∈N Z n by σ = n∈N σ n . It follows that σ is an automorphism of Z whose non-zero powers are not weakly inner in π τ .
A similar argument in the next lemma appeared in the proof of Lemmas 6.3, 6.4, 6.5, and 6.6 of [19] .
Lemma 4.1. Let µ be a probability measure on the σ-algebra of Borel sets of
n , and σ n be the automorphism of
For any k ∈ N and ε > 0, there exists m ∈ N and mutually orthogonal positive elements
.., k − 2, and
Proof. For any probability measure µ on [0, 1] as in the assumption, we obtain g
n , g
n ∈ C([0, 1]) 1 + , n ∈ N and a constant c µ < 1 such that
n ) : l = 0, 1, n ∈ N}, where µ(f ) means that f dµ. Remark that g (0)
n and g (1) n are non-zero elements.
n and let m be a large prime number such that 2k/m < ε and (c µ ) m < ε/8 and let n 0 ∈ N be such that (µ(d n0 )) m > 1 − ε/4. We define
Since m is a prime number,
with (l 1 , l 2 , ..., l m ) ∈ S satisfies that σ i m (x)x = 0 for any i = 1, 2, ..., m − 1. We define an equivalent relation ∼ on S by (l 1 , l 2 
n0 , and define positive elements
where the summation is taken by choosing a representative for each equivalence class of S/ ∼. Remark that h i , i = 1, 2, ..., m − 1 are mutually orthogonal and µ m (h i ) = µ m (h 1 ). Since
n0 ,
Let a and r be the natural numbers such that m = ak + r and 0 ≤ r < k and define
Thus we have that f i f j = 0, i = j and 
and there exists c > 0 satisfying that for any q ∈ P (A ⊗ Z) and ε > 0 there exists N q ∈ N such that
Proof. Let F be a finite subset of (A ⊗ Z) 1 , G a finite subset of P (A ⊗ Z), ε > 0, k ≥ 2, and ε 1 = ε 6k . Since A ⊗ Z is a TAF-algebra, there exists a finite dimensional
1 , and
where r = 1 A⊗Z − 1 B . Let {e
Let δ = (16k dim(B)) −1 ε and let N be such that {e
, we have that for any tracial state τ of
Let q ∈ G and τ ∈ T (A ⊗ Z). Since G(1 − r) ⊂ ε1 B 1 , there is b ∈ B 1 such that b−q(1−r) < ε 1 and since {e
such that b − a < 2 dim(B)δ. Since g 0 ≤ p 0 + ε 1 1, g 0 − g 0 (1 − r) < δ, and f 0 − g 0 < δ, we have that for any q ∈ G and τ ∈ T (A ⊗ Z)
where the last equality follows from a f 0 a
The basic idea of the proof of the following lemma was appeared in the proof of Lemma 4.6 in [12] for a simple unital AT-algebra case.
Lemma 4.3. Let A be a separable unital C * -algebra of real rank zero and let α be an automorphism of A. Suppose the order on projections over A is determined by traces, A has the property (SI), and there exists a (p n ) ∈ P (A ∞ ) satisfying the following conditions: all p n are projections,
and there exists a c > 0 satisfying that for any q ∈ P (A) and ε > 0 there exists
Then for any finite subset F of A, ε > 0, and k ∈ N, there exist e
0 , e
1 ,...,e
0 ,e
(1)
i + e
Proof. Let k be a natural number and let (p n ) n ∈ P (A ∞ ) be as in the lemma, and let p j,n = α j (p n ), j = 0, 1, ..., k − 1. We define e ′ n as 1 A − j p j,n . Since (e ′ n ) and (α(p k−1,n )), as elements of P (B ∞ ∩ A ′ ) with B = A, satisfy the conditions (1), (2) for (e n ), (f n ) in the property (SI), there exists a (w n ) ∈ A ∞ such that
We define a (u n ) n ∈ U (A ∞ ) by u n = w n + w * n + 1 − w * n w n − w n w * n , and
We define central sequences (e
j,n ), j = 0, 1, ..., k− 1, and thus (e (1) i,n )(e (1)
j,n for f = 0, 1, ..., k − 1. Then we have (e (0) j,n ) ∈ P (A ∞ ) and
j+1,n ), j = 0, 1, ..., k − 1, By functional calculus we may assume that e (0) j,n , e (1) j,n are mutually orthogonal projections of A such that j e (0) j,n + j e (1) j,n = 1 A and F n is a projection of A. We define a path of unitaries w n (t) by w n (t) = F n + exp(πit)(1 − F n ). If n is sufficiently large then w n (t), e (i) j,n satisfy the desired conditions. Definition 4.4. Let A and B be unital C * -algebras. We say that unital * -homomorphisms ϕ and ψ from A to B are asymptotically unitarily equivalent if there is a continuous path of unitaries u(t) ∈ U (B), t ∈ [0, ∞) such that ϕ(a) = lim t→∞ Ad u(t)ψ(a) for all a ∈ A, which is written as ϕ ∼ asym ψ.
For AF-algebras, Katsura and Phillips characterized the existence of automorphisms with the Rohlin property. In the following theorem, we show the existence of automorphisms with the Rohlin property for unital simple nuclear TAF-algebras which belongs to the UCT class and with the property (SI). Remark that any unital simple nuclear TAF-algebra which belongs to the UCT class is Z-absorbing (Toms and Winter [21] ). Thus the following theorem applies to these C * -algebras with property (SI). Proof. Let α be an automorphism of A and let Ψ be an isomorphism between A and A ⊗ Z such that Ψ ∼ asym Φ. Then it follows that
Then by Lemma 4.2, we may assume that α has a (p n ) ∈ P (A ∞ ) satisfying the condition in Lemma 4.3 for any k ∈ N. Note that, for any u ∈ U (A), Ad u • α equals α on A ∞ . Let F n be an increasing sequence of finite subsets of A 1 such that F n is dense in A 1 and equip I = {(n, k) ∈ N × N; k ≤ n} with the lexicographic order. We will identify (n, 0) with (n − 1, n − 1) below.
Set α 1,1 = α. We shall construct α (n,k) ∈ Aut(A) for each (n, k) ∈ I such that α (n,k) ∼ asym α (n,k−1) and that α (n,k) has Rohlin towers consisting of 2k + 1 projections with a centrality condition as described in Lemma 4.3. More precisely, by applying Lemma 4.3 to α (n,k−1) at each step, we inductively construct the following three objects: a sequence of partitions of unity {e (i) n,k,j ∈ P (A); j = 0, 1, ..., k−1+i, i = 0, 1}, a sequence of unitaries w n,k in U (C([0, 1])⊗ A), and a sequence of finite subsets G n,k of A 1 for (n, k) ∈ I satisfying the following conditions: Indeed, for x ∈ G n,k−1 we have α n,k (x) ≈ 2 −(n+k) Ad w n,k+1 (1) • α n,k (x) = α n,k+1 (x) ≈ 2 −(n+k+1) Ad w n,k+2 (1) • α n,k+1 (x) = α n,k+2 (x) ≈ 2 −(n+k+2) · · · , where x ≈ δ y means that x − y < δ. Then it follows that α n,k (x) is a Cauchy sequence. Since G n is a dense subset of A 1 , we conclude that α is an endomorphism of A. Similarly, for x ∈ G n,k , we have that n,k (x), x ∈ G n,k .
We can easily prove that α • α −1 = id A = α −1 • α and thus α −1 is indeed the inverse of α and α is an automorphism.
Define a continuous path of unitaries w(t) ∈ U (A), t ∈ [0, ∞) by w(t) = w n,k (nt − n(n − 1) − (k − 1))w n,k−1 (1) · · · w 1,1 (1), (n − 1) + n −1 (k − 1) ≤ t ≤ (n − 1) + n −1 k.
Since w n,k (t) almost commutes with G n,k−1 for any t ∈ [0, 1], we have that for x ∈ G n,k α(x) = lim t→∞ Ad w(t) • α(x).
Thus α ∼ asym α. From (I), when we fix k, (e n,k,j ) n ) = (e (i) n,k,j+1 ) n for any i = 0, 1 and any j = 0, 1, ..., k − 2 + i, which shows that α has the Rohlin property. This completes the proof.
